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Abstract

The lateral response of a single degree of freedom (SDOF) structural system containing a rigid circular cylindrical liquid
tank, under harmonic and earthquake excitations is considered. The governing differential equations of motion for the
combined system is derived considering the first 3 liquid sloshing modes (1,1), (0,1), and (2,1), under horizontal excitation.
The system is considered nonlinear due to the convective term of liquid acceleration and the nonlinear surface boundary
conditions, both caused by the inertial nonlinearity. The harmonic and seismic response of the system is investigated in the
neighborhood of 1:1 and 1:2 internal resonances between the SDOF system and the first asymmetric sloshing mode. These
resonance cases can be regarded as autoparametric if an internal resonance exists between the sloshing mode (1,1) and the
structural system, while the frequency of the external harmonic excitation is tuned to the system’s structural frequency. In
addition, the effect of system’s horizontal and vertical displacement on lateral components of acceleration as well as the
effect of sloshing wave amplitude on liquid-induced dynamic pressure is investigated. The numerical results illustrates the
efficiency of the liquid sloshing modes in reducing the seismic response of the structural system to a large extent,
particularly when the fundamental frequency of the system is close to the dominant frequency of the earthquake record.
Also, the increase in the Fourier amplitudes of the sloshing modes is an indication of energy transfer from structure to
liquid due to nonlinear interaction. Considering 3 sloshing modes shows that the amplitude of asymmetric liquid mode
(1,1) in some cases becomes smaller in comparison to the case with 1 mode, and the other sloshing modes absorb part of
the energy imparted from the SDOF system.
© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

The concept of using sloshing-induced hydrodynamic forces to control structural vibration has long been
recognized. It is known that shallow liquid in a container experiences traveling sloshing waves. Increasing the
depth of the liquid will transform them into a standing sloshing wave that vibrates in its fundamental mode.
The efficiency of the tuned liquid dampers (TLD) that use shallow liquid to perform, in controlling the lateral
response of structures has been studied analytically, numerically, and experimentally. Applications of TLD in
controlling the response of tall buildings were investigated by Chang and Gu [1] and Yamamoto and

*Corresponding author. Tel./fax: +982166164233.
E-mail addresses: nattary@alum.sharif.edu (N.K.A. Attari), Rofooei@sharif.edu (F.R. Rofooei).

0022-460X/$ - see front matter © 2008 Elsevier Ltd. All rights reserved.
doi:10.1016/j.jsv.2008.05.007


www.elsevier.com/locate/jsvi
dx.doi.org/10.1016/j.jsv.2008.05.007
mailto:nattary@alum.sharif.edu
mailto:Rofooei@sharif.edu

N.K A. Attari, F.R. Rofooei | Journal of Sound and Vibration 318 (2008) 1154-1179 1155

Kawahara [2]. Modi and Munshi [3] used a barrier for increasing the energy dissipation in a rectangular TLD
system. Fujino et al. [4] developed a model for rectangular TLD subjected to horizontal excitation using
shallow water wave theory. However, most of these studies did not recognize the nonlinear interaction
between the liquid and the supporting structure [5,6].

Dynamic response of elastic structural systems carrying liquid storage tanks has been extensively explored
during the last few decades. Shepherd [7] investigated the behavior of elevated water tanks under seismic
excitation. Ibrahim et al. examined the nonlinear interaction in elevated water tanks subjected to vertical and
horizontal sinusoidal ground motions in the neighborhood of internal resonances [8—12]. They showed that the
liquid sloshing modes and the vibrational modes of the elastic supporting structure were coupled through
inertial nonlinearity.

The inertial nonlinearity can be generated through the presence of concentrated or distributed masses.
Nonlinearity may appear in the governing partial differential equations of motion or in boundary conditions
or both. The free surface condition in liquids is considered to be a nonlinear boundary condition [13,14], as
well as the acceleration of the liquid particles that includes a nonlinear convective term.

Inertial nonlinearity could lead to internal resonance condition among the interacting modes when
Z}lejcuj = 0, in which k; is an integer and w; is the jth natural frequency of the coupled modes. Setting the
frequency of the external excitation equal to the fundamental frequency of the system (primary resonance)
causes the forced structural response under the external excitation to act as a parametric excitation for the
liquid. This is due to the coupling between the system’s displacement and the liquid sloshing modes. This type
of coupling is referred to as autoparametric resonance. Ibrahim et al. [10] showed that in the vertical motion of
a system (elevated water tank) under parametric resonance of the first normal mode, the system response have
the characteristics of a hard nonlinear system. But, when the second normal mode is parametrically excited,
the system behaves as a soft nonlinear model. They also showed that at combination resonances, the
equivalent linearized system is parametrically stable. Ibrahim and Li [11] observed that when the first normal
mode of the system is externally excited in horizontal direction, the system performs as a nonlinear soft model
with weak autoparametric resonance.

Different types of nonlinear interactions could exist for a liquid tank standing on an elastic structure. They
include the interaction of the liquid sloshing modes with the breathing and flexural modes of the tank [15-17],
the interaction between two sloshing modes [18,19], the interaction between tank’s breathing and flexural
modes [20], and the interaction of the liquid sloshing modes with the modes of supporting elastic structure
[8-12,21,22].

Ikeda and Nakagawa [23] considered the nonlinear interaction of the liquid sloshing in rectangular tanks
with a supporting elastic structure under horizontal excitation. They showed that for an elastic structure
carrying a rigid rectangular tank under vertical sinusoidal excitation, the frequency response curves vary from
soft to hard as the tank water depth decreases. In a similar study, Ikeda and Ibrahim observed that when the
central frequency of the excitation’s power spectral density (PSD) is close to the SDOF system’s natural
frequency, there is an irregular energy transfer between the structure and the liquid’s free surface motion [24].
Depending on the PSD of the external excitation, the liquid’s free surface experiences zero motion, uncertain
motion (intermittency), partially developed motion, and/or fully developed random motion. Considering the
excitation frequency as a control parameter, Ikeda and Murakami investigated the influences of the liquid
level and a detuning parameter on the theoretical resonance curves. They showed that the frequency response
curves depend on the liquid level and a small deviation of the tuning condition may cause amplitude and phase
modulated motions and chaotic vibrations [25].

Miles [18] studied the surface waves in cylindrical basin filled with an inviscid fluid. Using a variational
approach, he developed a nonlinear model with 3 coupled sloshing modes under harmonic excitation for a
system with weakly coupled free oscillation of liquid sloshing modes. Nayfeh [26,27] examined the same
model, obtaining the equations of the modal amplitudes of the surface modes. Holmes [28] investigated the
case of vertical excitation when the modal sloshing frequencies are in the ratio of 1:2.

Miles and Henderson [19] reviewed some of the studies on parametrically excited surface waves. The
interactions of surface waves in circular cylindrical tanks subjected to a parametric harmonic excitation
(w,~2w,,) was considered by Nayfeh. He examined the modal interactions between these modes and
determined the periodically and chaotically modulated motions [13,27]. Furthermore, he investigated the 1:2
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internal resonance in general systems and showed that for the case of w,,~2w,,, and @~ w,, modal saturation
and energy transfer can take place from directly excited mode to the indirectly excited ones [13,29]. A
comprehensive literature survey is provided by Ibrahim et al. [30,31] regarding the liquid sloshing dynamics
and its application with or without the presence of various resonance cases.

In this study, the nonlinear interaction between a SDOF structural system carrying a circular cylindrical
liquid tank and the sloshing modes of the liquid is investigated. The SDOF system can be assumed as an
idealization of a multi-degree of freedom (MDOF) structural system considering its fundamental mode of
vibration. Response of this model under horizontal harmonic and earthquake excitations is studied using 1
and 3 sloshing modes in the neighborhood of 1:2 and 1:1 internal resonances. Also, the energy transfer from
the structural mode to the first unsymmetrical sloshing mode of liquid is investigated for this system.

2. Governing differential equations of motion

An elastic SDOF structural system is considered. A circular cylindrical liquid tank with fluid depth /% and
radius R is placed on this structure. The liquid is assumed to be irrotational, non-viscous and incompressible.
The effect of wave breaking caused by severe excitation is not considered in this study. Also, an equivalent
linear viscous damping term is considered in the modal equations of motion of the liquid [30].

The Cartesian (x,y,z) and cylindrical (r,0,z) systems of coordinates are considered on the free surface of the
liquid, as it is shown in Fig. 1. The wave amplitude in any location (r,0) is represented by 5. The tank is
assumed to be rigid and the effects of the first 3 sloshing modes of the liquid are taken into account in this
study (Fig. 2).

The experimental investigations by Prize and Penny (1952) and Abramson (1965), as well as a number of
other analytical studies [21,24,25,30], emphasizes the importance of the liquid primary modes on lateral
response of the system. In other words, if the first asymmetric sloshing mode (1,1) be considered as the
primary mode being directly or indirectly excited, then the amplitude of the (0,1) and (2,1) sloshing modes
become of second order in comparison to the amplitude of first asymmetric mode. Therefore, the remaining
modes are at higher orders, and their effect can be neglected in the problem formulation. The orders of the
modal amplitudes of the liquid sloshing modes are:

ap = 0@, o = O), o2 =00, G = O™
air = 0@, ag = O?), ax =00, dw = O™ )
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Fig. 1. The SDOF structural system with the cylindrical tank.
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mode (0.1) mode (1.1) mode (2.1)
Fig. 2. The 3 sloshing modes considered in the study.
In which, «,, and a,, are the modal amplitudes of the liquid and the velocity potential function,
respectively. The (m) and (n) indicate the number of diametric nodal lines and the number of nodal concentric

circles, respectively, while # is the liquid wave amplitude. If xy denotes the lateral displacement of structure in
Cartesian system of coordinates, its polar system of coordinate representation becomes:

X0 = Xoiy = x¢ cos 0i, — x¢ sin Oiy 2)
Then, the velocity of the rigid tank can be expressed as

de

Vo = ——

LT

The vertical displacement of the system ¢, due to its lateral displacement x, is determined as, 0 = 3x§ /5L, in

which L is the structural system’s height [12]. Application of the Newton’s second law to a liquid particle in a
non-viscous liquid leads to:

= Xg cos 0i, — X( sin Oiy 3)

dv .
Py = VP telg—9) (4)
where p, P and v are the liquid’s density, pressure and velocity, respectively. The absolute and relative

velocities are related through the following equation:

dv  Ov
= v
a-a v )

The relative velocity of the liquid, 0v/0¢, is defined in the fixed system of coordinate. The relation between ¢
and v is in the form of:

%qu =vx(Vxv)+vVy (6)

in which vVv is the convective acceleration of the liquid particle moving in the direction of motion with
velocity v. This acceleration is measured with respect to the moving system of coordinate of the particles,
where the value of ¢ is equal to ¢ = |v|. Assuming an irrotational liquid for which V x v = 0, leads to

%qu =vVy (7

Then Eq. (4) becomes

ov 1 VP .
(a‘FEVC]z):—?ﬁL(Q—& (8)
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If the velocity potential function be defined as v = V@, then Eq. (8) may be re-written in the following form:

v(aa"’) v = =Y (e =)o) )
t p
SO

p 1

[at + = q += +(g 5)2} =0 (10)

Integrating Eq. (10) with respect to time gives

0P 0P 1 /0¢p 2 6(/)
a2 [(a) +r—z(@ e
The velocity potential function, (@, can be divided into two parts as it is shown in Eq. (12). The first part, ¢,

is related to the tank’s motion, while the second part, ¢, corresponds to the liquid’s relative motion with
respect to the tank

+p+(g $)z = Ci(1) (1)

P=0¢o+0¢ (12)

The velocity of the origin O in the coordinate system O-xyz with respect to the fixed coordinate system
O’-XYZ can be expressed as

0 10
v, = Vo, = aq) +—6—310=x0 cos Oi, — x¢ sin Oiy (13)

Integrating Eq. (13) and partially differentiating that with respect to the parameter (¢) yields:

0 .
a_(f = XoF COS 0 (14)
Substituting Eq. (14) into Eq. (11), leads to
o L[ (3p\* 1 (3p\* (3¢\*|  p .
op L) (o¢ 1 (0 Op P B _ 1
6t+2{<ar> +r2<ag T\ %z +p+(9 )z + Xor cos 0 =0 (15)

In the above equation, the velocity potential ¢ is replaced by ¢ + [ C;(7)dr.
The governing differential equation for incompressible liquid is the Laplace equation:
Fp 10p 109
& P P (16)
2 T ror 2 oe> | oz
Also, the differential equation of the motion for the supporting SDOF system under the horizontal ground
acceleration X,(f) becomes

p=0=>

mxo + ¢xo +kxo = Fp — m)'ég(l) —m Xo(xoXo + X%)

36
2517
6
k—ks—kf—ks—img (17)

where x(, m, k,;, and ¢ are the relative displacement, mass, stiffness and damping constant of the SDOF system,
respectively. kris the stiffness reduction due to vertical displacement of structural mass and k is the effective
stiffness of the structure [32]. Also, F; represents the hydrodynamic force acting on the tank’s wall and can be
determined by integrating the liquid pressure distribution along the tank’s wall as following:

2n n 2n 0
Fp= / / RP(r,0,z,1)| _,cos 0d0dz = / / RP(r,0,z,1)| _, cos 0d0dz
0 J—h 0 J-h
2n 2n 0
+ / / RP(r,0,z, t)|r:R cos 0dOdz = / / RP(r,0,z, l)}r:R cos 0dOdz
0o Jo 0 J-h

2n 2
+ / R {WP(R, 0,0) + %PZ(R, 0,0) + 0(;74)} cos 0d0 (18)
0
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where R, h and 7 are the tank’s radius, liquid elevation and the wave amplitude, respectively. Also, P(r,0,z,t) is
determined from Eq. (15).

3. Boundary conditions

Having assumed a rigid tank, the relative velocity of the fluid along the walls and at the bottom of the tank
becomes zero:

%
or

=0 (19)

T 0z,

r=R

Also, the kinetic boundary condition at fluid surface requires the velocity of the fluid surface in the vertical
direction be equal to the vertical velocity of the fluid particle at the liquid surface

On _0p Opon 1 0¢pOn

= — — = — — 2
ot 0z Or Oor 120000 (20)
Since, in free surface (z = n) the pressure is equal to zero, thus
Op 1 Op 2 Rl) 2 (1) 2 N
a_l+§{(§) +V_2 @ + & + (g — 0)n = Xor cos 6 21

4. Non-dimensional equations

In order to solve Egs. (15)—(17) with the related boundary conditions given by Egs. (19)—(21), they were
non-dimensionalized using the following parameters:

fo—%, f=%, M=m+mg, z':%, ﬁz%, ﬁz%

H Zr‘n_l’ Hz_%, ¢=R2(Zm, my = npR°h, 7:%, 5:%

g_Mzm EZMI;%I ﬁszfwfl’ T=oul,  tm = AR

Q:wg_ﬁ’ jégzﬁzﬁl, szﬁfo%l, wzz’f, o =1 (22)

where m; and M are the liquid mass and total mass of the system, respectively. The parameter w1, is the first
asymmetrical liquid frequency given by

0} = g‘% tanh (811 %) (23)

Also, €, is the frequency of the external harmonic excitation and 4,,, is the nth positive root of the
derivative of the Bessel function, dJm(/lmnr)/dr|r=R = 0. The parameters 4,,, and g,,, can be computed
numerically using any numerical software. The values of ¢,,, were determined as ¢q; = 3.832, ¢;; = 1.841
and & = 3.05424. The obtained results are in good agreement with previous analytical and experimental
studies [30].

Using Egs. (22) and (23), the non-dimensional differential equations become

9 10p 109 9 _

Vo = B Rk, AR G R 24
¢ 0:>6r'2+76;7+;72602 o =" @4
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i ol T o 36 - - ot
X0 + Cxo + kXo = f; — X4(2) — EXO(XOXO + xé)
2n 0 2n ’7’2
fi= ,uz/ /_13 cos 9‘,,:1 dz‘d9+,u2/ {ﬁﬁ(1,9,0)+2ﬁ3(1,6, 0)| cos 6d6 (25)
0o J-h 0
op 1 [/3p\* 1 [(0p\* [dp\’| . z
i (= —(=£ = S 2
o 1 2 [(6;’) tz (ae T\3z) | TP e tanhte 07T horeos (26)
with the boundary conditions
op| op|
T _ 0, 2 T 0 27
o7 0 0p o7 1090
o _ o _3p0i_ 1 3 0 (28)
ot 09z oF oF 7 00 90|._;
I=—>p= 0
a—¢+l 6@ 2+1(66>2+(6¢)2 ++—S'——5_€r’cosﬁ (29)
<2\ \&r) TR G oz e tanh(en )y T 0

5. Solution to the governing differential equations

The solution to the Laplace equation given by Eq. (24) with the boundary conditions provided in Eq. (27) is

& ) cos he,m(z + h
o(r,0,2,0) = ; ;[amn(t) cos m0 4 by (2) sin mH]Jmn(amnr)W (30)
The non-dimensionalizing symbol “—" for different parameters is removed for simplicity. From the linear
part of Eq. (28), n becomes
aqo o0 00
n=—é tanh(anh)&(z =0)=n= Z Z[oc,,m cos ml + B, sin mO1J (emnt) (1)

m=0 n=1

Having assumed a circular cylindrical tank, the parameters f,,, and «,,, have a phase difference of /2. In
this study, the excitations as well as the effect of sloshing modes are assumed to be along the x-axis only.
Therefore, disregarding the secondary effects of internal resonance between x and y direction sloshing modes,
Pmn and in a similar way, b,,,,, can be excluded from the equations. Using these assumption and considering the
3 liquid modes of (1,1), (0,1) and (2,1), ¢ and 5 can be re-written as

cos hle11(z + h)] cos hlegi1(z + h)]
cos h(ej h) + aon(DJoleorn) cos h(eygrh)
cos N[ex(z + h)]
cos h(eyh)

¢ = ayi(t)cos 0J1(e11r)

+ a1 () cos 20J(ea1) (32)
n = aq1(t)cos 0J1(e11r) + ao1(0)Jo(e017) + 021(2) cos 20J2(e217) (33)

in which, a,,, and a,,, are time-dependent variables that can be determined through satisfying the free surface
boundary conditions. Inserting Egs. (32) and (33) into Eq. (25) for the structure and using the Fourier Dini
series (the general form of Fourier series) for r in Xy r cos 0 leads to [30]:

r=FuJi(er) (34)
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where

B fOR r2J1(£1,,r)dr_ 2R

= = 35
fOR rJ3(er,r) dr (e}, — DJ1(e1nR) (35)

in Eq. (35), R and F) are equal to 1 and 1.4386, respectively. Adapting the same notation used by Ibrahim and
Ikeda [24,25], as it is shown in Appendix A, one could obtain:

g01811 >{(l//01 wll)dJl(bllr) dJo(e017)

Uy Xo + {Xo + kxg = — Xy(1) — ar

36)c(xx +x)—7n <
2512 0020 0 ta 801 811

(B0 1y s + (22 [ — g 100 L2210

01811 11— 8
11¢21 921‘//11 1(?11)%1
1

11621
3 dJi(erir)\ >
+hXo + 5 lﬁnJ (e an + 5 (J (811")( ‘|“//11> 11(%) J1(811)>“11a%1}
r=1

(36)

+(W = Yo i(en)a(ear) + = ( )Jl(?ll)J2(92l):|alla21+

Expanding Egs. (28) and (29) at n = 0 and using the same approach results in

2X . ..
PO T S+ 0] = 5565 + g

2
T3
‘p (¢}, — DJi(en) (e}, — DJ1(en)
1
+71" eoienandon +§V}12511821411a21 + UV ayaz + K12 ¥ a11a01

1 1
021 120 - 120 - 021 -
+§K1 Yiaanan + ¥ Ky a010611+l//11K a11a01+—¢111< anon

1 3
021 - 2 11
+§W21K1 0210511+Z<°»11‘//11F1 011“114- ul lﬁ11a11°<11+ 911‘//11K a“om

) 36
t
[XQ( Iy

1 1
> . 2,011 2 120 2
l//_n_ﬁ(xo+xoxo)°<01+zglly0 mtglean
211 2

1 . 6 . . |
+ - lﬁllKlzoa%I +§¢11K(1)20a11a11].]0(801r)+ [021 +_l// —a(x(z) +XOXO)OC21 +1811y2 ai,
11
1

1 1 .
~3 UPat, —i—Znglx//fla%l + Exp”ngla”om} cos 20J,(e71) =0 37)

3 . .
+§8%1K(1)40a110€%1} cos 0J1(enr) + {am +

1
. 020 110 12
{0!11 — Y K% ay + 91 eoren(@noon +61010<11)+§“/1 ené(anon + anor)

1 1
2 120 2 120 2 021 2 021
— SOIKI ap1op — SHK] ai oot _EgllKl ajoon —5821K1 az oy

1111 2
apjog, +

1 3
1 U?40¢11011°C%1_gK(l)‘m‘png%lalla%l} cos 0J1(enr)

3
+ UV (a0 +a110<21)+4—18f1¢11r
. 1 1 1
+ {0601 — 1 K% ao: +§8f1V8“0110€11 —58%11((1)2061110611 +§ U(l)zoanan}fo(ﬁmr)

. 1 1 1
+ |:O{21 — lﬁlegozaz[ =+ 58%1))%”8%1011(111 — Eg%lngla“a”_E U(Zma“om} Ccos 29]2(8217) =0 (38)
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Equating the coefficients of Jy(eyi7), Ji(e11r)cosO and Jy(eyr)cos20 to zero and using the following
assumptions:
oy, arg, x = O(n)
®o1, 021, dot, d21 = 0('72)
Olmns Amn = 0(’7’") (39)
Would lead to the following non-dimensional governing differential equations of the system if one

eliminates all the terms higher than O(%):

.. 36 . .. . ) . ..
(1 + pomh)Xo 4+ —— xo(X3 + XoXo) + (X0 + kxo + Gadny + Gyagian + Gaanaz + Gsadian + Geoyyal, = —5,(t)

2512
(40)
. . . 36 D . 6, ., .. 1 )
an + Gixo + Gy | X,(0) + ﬁxo(xo + XoXo) | — §(X0 + XoXo)ot11 + a1 + Qydoro1
I
+ Qsariogr + Qganioar + Qraaion + Qsanoi, + Qoaoion + Qroanoar + Qa1 =0 41)
) 1 ) , 6 ., N
do +¢—0€01 + Opanon + Oy3ay; — §(XO + XoXo)oor =0 (42)
01
) 1 ) , 6, N
At gt Qadnon + Qs — 53 (¥ + XoXo)oar =0 “3)
21
o — Yan + Qrsaoiont + Qraiiaor + Qgarioa + Oroazio + onalla%l =0 (44)
o1 — Yorao1 + Oyannon =0 (45)
o1 — Yy a1 + Opanjoeg =0 (46)

All the above coefficients are defined in Appendix B.
Eliminating the parameters a1, do1, a»; from Eqgs. (40)—(46) and retaining the terms up to O(n’), would
result in the following governing differential equations for the system:

+ .
Oy ‘ﬁleZ)omOCll

l/jll
b (L2 Cobun)ia 4 (0 + Ouatho) ey + (a1 + Qi) Samni
‘//11 lp%l 11 21 12¥01/°26%11%] 21 12¥Y01/)922%11%01

. 28 .
+ (1 + O12¥01)S3010021 + [(QZI + 01¥01)Se + S60s1 + 65713%1] o164
11

28 .. 28 ..
+ <Q2]S2 + 25—13‘//01) &y1601 + (Q2153 +3¢Q713%1> dyrép =0 (47)
1 1

. . 6 . .
Sio1 + 001 + 2Lowor 601 (2) — §(Xé + XoXo)Wo1 %01 + (

. ) 6 . . + ..
o1 + w%]“Zl + 20,w21601(f) — a(xé + XoXo)Yp 001 + (M>“llall

2%
Oy | Qis¥ar ) .» . 9 .
+ + 61 + (O + Qa1 Sedniagy + (O + Qratn))S2011801

2% lﬂfl
28 .
6Q15!//21]omocf1
2%

28 L. 28 ..
+ (szsz + %)Omam + <Q2253 +3l//Q715%1> o161 =0 (48)
1 1

+ (O + O1a¥2))S301021 + [(sz + Y21 014)S6 + 086 +
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. 36 G,
GoXo +—5 YT 5 Xo(Xg + Xo%o) + kxo + — J a1 4 (Xo + G2Sr001 + G2S3001 + GaSettyo
1

+ G266}, + ( +(Ss+ 57)G2) G001 + ( + (S5 + SS)G2> 210011
Yordn V23U 2N
G G
+ ( 3Q221 + 40 +2S9G2) 06110611 + G2Sadp1011 + G2S50010011
Vot Yavi
.2
o, & o8
+ G2 S7811%01 + GaSsiini0a1 + GaSodn o, + Gs ipl 11 G 1; L= %, (49)
11 11

. . . . 36 6 . N
By 4 ooy + Gy fo 4 20600 + Gy, [xg(l) + 5 xo(X] + xoxo)} (X% + xoXo)oti1

2512
+ 11 S60, 4 Wy Sadlor + WyqS38ar + Wy Sedion + <Q+ 54)‘//1106115(01

‘/J()l
4 (Qz‘Q“ Onr | o 4 wnsg)&na%] (05 + Sy Yinrotor + (O + Sstry Yini oo

Yo Yo
194 | 9007 | 00010, Qi | D0y ’s > (Q7 g )
+ < Vol + Vo + Vo, +¢11 +1//011//11 + 289y Jeidg, + v + S5 )Yy 821001
+ < +¢11(S4+S7)>oto1ot11 + < +l//11(S5+S8)>0(21a“ -0 (50)
Yor Vs

In order to consider the energy dissipation capacity of the sloshing modes, also viscous damping terms were
introduced to the modal equations of the liquid sloshing modes. The parameters S>—So are described in
Appendix C. Finally, Eqgs. (47)—(50) can be numerically solved to determine the response of the SDOF
structural system and the amplitude of liquid sloshing modes.

Omitting the parameters related to the (0,1) and (2,1) sloshing modes as well as the effect of wave amplitude
n on lateral dynamic pressure from Egs. (49) and (50), would result in two simplified equations for the system
with 1 sloshing mode under lateral excitation. These simplified equations are in total agreement with those
provided by Ibrahim et al. in their previous work [10].

6. Numerical example

The derived differential equations of motion are numerically solved for harmonic and earthquake excitation
input at resonance cases 1:1 and 1:2. A parametric study is carried out using two liquid mass and two &/R
ratios, i.e., my = 0.02, 0.1 M, i/R = 1 and 0.5. The response of the elastic structure containing the liquid tank
for the cases with 3 and 1 sloshing modes is compared with those of the SDOF system alone. Consideration of
higher sloshing modes does not have any significant effect on the response of the system [30]. Therefore, the
results of 3-mode model will be used as a basis to determine the accuracy of the other approximate models.
The damping ratio of the SDOF system is considered to be 2%. Also, the modal damping ratio of the liquid
sloshing modes, ¢y, ¢, and &, are assumed to be 1%. Furthermore, the initial values used for different
parameters in this study are: (xp1)o = (%21)0 = Xo = 0.001 and (o;1)g = 0.005. The amplitude of the non-
dimensional external excitation is assumed to be 0.001 ()'_ég = 0.001 cos Qt). The MATLAB 7.0 software is
used to perform the numerical computation.

6.1. Harmonic excitation (resonance case 1:1)

In this case, the external harmonic excitation frequency, 2, is assumed to be equal to both the system’s
natural frequency and the frequency of the first unsymmetrical liquid’s sloshing mode (w;; = w; = Q).
Figs. 3(a) and (c), present the lateral response of the structure (x) and the wave height 5 at the tank’s wall for
the case of #/R = 0.5 and m; = 0.1 M. Also, the response Fourier transforms and the liquid profile at the time
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of maximum wave height are shown in Figs. 3(b), (d) and (e). As Fig. 3(a) shows, unlike the SDOF system
alone, the structural response in system with liquid tank decays rapidly after achieving its peak. Fig. 4
illustrates the modal amplitude of the first 3 liquid sloshing modes and their Fourier amplitudes. Comparing
Figs. 3(c), (¢) and 4, proves that the maximum wave height and the related liquid profile is dominated by the
effect of the first unsymmetrical sloshing mode for this mass ratio. Maximum response of the liquid modes and
the structural system are presented in Table 1 for four different cases. The results indicate that increasing the
mass ratio and decreasing //R ratio improves the performance of the liquid tank in reducing the response of
the structural system. For the mass ratio my; = 0.1 M, the response of the structural system is reduced
significantly with a maximum around 10% of the peak response of the SDOF system alone. There is less
reduction in response of the system for the mass ratio m; = 0.02M with its maximum displacement being
around 40% of SDOF system’s peak response. The energy transfer from the SDOF system to the liquid and
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Fig. 4. Liquid modal amplitude for harmonic excitation at 1:1 resonance, #/R = 0.5, m; = 0.1 M: (a) o1, liquid first asymmetric modal
amplitude, (b) Fourier amplitude of 5, (c) ooy, liquid (0,1) modal amplitude, (d) Fourier amplitude of ag, () oy, liquid (2,1) modal
amplitude, and (f) Fourier amplitude of o5,.
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Table 1
Harmonic excitation—resonance case 1:1 (w;; = w; = Q)
Structural model Maximum response® Reduction (%)® Approximation (%)°
X n %11 %o1 %21 X n %11
h/R=1 Structure with tank considering 0.0038 0.0540 0.0873 0.0067 0.0045 84.8 - - -
3 sloshing modes
myp=0.1M  Structure with tank considering 0.0038 0.0510 0.0877 — - 84.8 0.0 5.5 0.4

1 sloshing mode
h/R=0.5 Structure with tank considering 0.0028 0.0264 0.0432 0.0037 0.0029 88.8 - - -
3 sloshing modes

my=0.1M  Structure with tank considering 0.0028 0.0252 0.0433 - - 88.8 0.0 4.5 0.2
1 sloshing mode

h/R=1 Structure with tank considering 0.0103 0.1788 0.2498 0.0667 0.0229 58.8 - - -
3 sloshing modes

my; =0.02M Structure with tank considering 0.0081 0.2039 0.3495 - - 67.6 21.4 140 40.0

1 sloshing mode

h/R=0.5 Structure with tank considering 0.0085 0.1150 0.1623 0.1010 0.1128 66.0 - - -
3 sloshing modes

my =0.02M  Structure with tank considering 0.0070 0.1130 0.1940 - - 72.0 17.6 1.7 19.5
1 sloshing mode

SDOF system 0.0250 - - - - - - - -

4Results are provided for the nondimensionalized parameters.
The reduction in the peak response of the structural model is determined with respect to the SDOF system.
°Approximation is determined with respect to the 3 modes sloshing model as the most accurate case.

the shift in modal frequencies of the system with tank are considered as the dominant factors in reducing the
lateral response of the structure.

The displacement of the SDOF system, and the system containing liquid tank are compared in Fig. 5, for
the case of 7/R = 0.5 and m; = 0.02 M considering 1 and 3 sloshing modes. The results indicate that the liquid
tanks with this type of resonance can significantly reduce the response of system including its peak values.

In Fig. 6, the time history of the wave height 5 at the tank’s wall are compared for the 1 and 3 sloshing mode
cases, assuming /R = 0.5 and m = 0.02 M. As expected, the results provided in these figures and Table 1,
indicate that considering only 1 sloshing mode, in spite of its acceptable performance in certain cases, is not
generally adequate for capturing the true behavior of the system. The difference between the results of the 1
and 3 mode models can be up to 14% in determining the maximum wave height # and up to 21% in
calculating the maximum structural displacement. That clearly shows the importance of the (0,1) and (2,1)
sloshing modes on the maximum wave height and/or peak structural response as it is shown in Figs. 5 and 6
for the 1:1 resonance case.

6.2. Harmonic excitation (resonance case 1:2)
Retaining the linear parts of Eqgs. (49) and (50), and neglecting the nonlinear terms, the considered dynamic
system reduces to a simplified two degrees of freedom model. The vibrational frequencies of the new simplified

system include Bs, which is mainly a structural mode, and By, that is dominated by the (1,1) sloshing mode of
the liquid. These frequencies can be determined from the following equations:

\/—131—,/13%—4132 \/—Bl+./3%—432
B = . B =

(51)
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Fig. 5. Structural displacement for harmonic excitation at 1:1 resonance, #/R = 0.5, m; = 0.02M: (a) SDOF system, (b) structure with
liquid tank—1 sloshing mode, and (c) structure with liquid tank—3 sloshing modes.
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Fig. 6. Wave amplitude n for harmonic excitation at 1:1 resonance, /R = 0.5, m; = 0.02 M: (a) structure with liquid tank—1 sloshing
mode and (b) structure with liquid tank—3 sloshing modes.

where B; and B, are defined as

k+ Gy k

327 =
' TG —GiG TP G- GGy

(52)

The parameters Gy, G; and G, are given in Appendix B. In the (1:2) resonance case, the external harmonic
excitation frequency, 2, and the system’s natural frequency w;, are determined such that the frequencies of the
combined system (B3 and By) to be in the form of B; = 2B, = Q.

Inserting for Gy, G, and G, in the above equations from Appendix B, Go— G, G» and consequently the By and
B, parameters become less than zero if (mlD/ 1.3Mh) tanh(1.8//R) > 1. Therefore, the modal eigenvalues of
the system will have a positive real part. It means that if those modes be excited directly or indirectly through
nonlinear interaction, the system response will increase with time and becomes unbounded. For example for
the case of h/r = 0.5, if m; >0.81 M, then the system becomes unstable under external excitation frequencies
near to the modal frequencies of the system. For small A4/r ratios (less than 0.1), traveling waves will be
generated. Also, under the severe external excitations, the wave amplitude n may become larger than 0.75h,



N.K A. Attari, F.R. Rofooei | Journal of Sound and Vibration 318 (2008) 1154-1179 1169

Table 2

Harmonic excitation—resonance case 1:2 (2B; = B3 = Q)

Structural model Model parameters® Reduction Approximation

(%)" (%)
X n %11 %o1 %21 X on 1

h/R=1 Structure with tank considering 3 0.0061 0.1086 0.1150 0.0594 0.0621 12.9 - - -
sloshing modes

mp=0.1M Structure with tank considering 1 0.0061  0.1250 0.2150 — - 12.9 0 151 87
sloshing mode

h/R=0.5 Structure with tank considering 3 0.0060 0.0633  0.0749  0.0427 0.0235 143 - - -
sloshing modes

mp=0.1M Structure with tank considering 1 0.0060 0.0966 0.1660 — - 14.3 0 52,6 99.8
sloshing mode

h/R=1 Structure with tank considering 3 0.0062  0.2025 0.2309 0.1023 0.1294 114 - - -
sloshing modes

my; =0.02M  Structure with tank considering 1 0.0062  0.1280  0.2200 — - 11.4 0 368 4.7
sloshing mode

h/R=0.5 Structure with tank considering 3 0.0062  0.1173  0.1417 0.0784 0.0578 11.4 - - -
sloshing modes

my; =0.02M  Structure with tank considering 1 0.0062  0.1251 0.2150 — - 11.4 0 11.7 83

sloshing mode

SDOF system — — - - - - _

“Results are provided for the nondimensionalized parameters.
®The reduction in the peak response of the structural model is determined with respect to the SDOF system.
€Approximation is determined with respect to the 3 modes sloshing model as the most accurate case.

leading to wave breaking phenomenon. In that case, the derived governing differential equations of motion
lose their credibility to be used in this study.

Maximum responses of the liquid sloshing modes and the structural system are presented in Table 2 for
different /1/R and my ratios at the 1:2 resonance case. Fig. 7 shows the response of the structure and the wave
height n at the tank walls and their Fourier amplitudes for the case of #/R = 0.5 and m; = 0.1 M. As it is
shown, the structural response decreases appreciably in time (time is non-dimensionalized) after going through
its peak value, meaning an increase in energy transfer to liquid with time. Fig. 7(b) shows the Fourier
amplitude of the structural responses that have two major peaks at system’s natural frequency and liquid’s
first asymmetric modal frequency. This means that even if the liquid is not excited directly, due to nonlinear
interaction between the liquid and the structure, energy transfer from the structure to liquid is taking place
causing an increase in liquid response with time. Therefore, the response of the structure as Fig. 7(a)
illustrates, would be decreasing.

Fig. 7(e) shows the liquid profile as the wave amplitude n achieves its maximum value. As this figure shows,
the liquid profile for the case with 3 sloshing modes is completely different from its asymmetric shape for the
case with 1 sloshing mode. That clearly indicates the importance of considering more number of sloshing
modes in determining the liquid’s profile. However, the location of the maximum wave height (#) still remains
at the boundaries of the tank.

The modal amplitude of 3 liquid sloshing modes and their Fourier amplitudes for the above case are shown
in Fig. 8. As this figure presents, the effect of (0,1) and (2,1) sloshing modes on the amplitude of liquid wave 5
are considerably increased. This effect for models with m; =0.1M and smaller 4/R ratios are more
considerable.

Figs. 9 and 10 compare the lateral response of the SDOF system and the system equipped with liquid tank,
as well as the wave height 7 at the tank’s boundary, for the 1 and 3 sloshing modes cases. These figures show
that the case with 1 sloshing mode can appropriately estimate the peak response of the system, but it does not
provide a good estimate of the decay in system response with time.
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maximum wave height.
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Fig. 9. Structural displacement for harmonic excitation at 1:2 resonance, 7/R = 1, my = 0.1 M: (a) SDOF system, (b) structure with liquid
tank—1 sloshing mode, and (c) structure with liquid tank—3 sloshing modes.

6.3. Earthquake excitation (resonance case 1:1)

All previous cases are considered in this example. The El-Centro earthquake excitation is used as an input to
the system for the resonance case of w;; = w,. The dominant frequency of the earthquake record was tuned to
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Fig. 10. Wave amplitude 5 for harmonic excitation at 1:2 resonance, #/R = 1, my = 0.1 M: (a) structure with liquid tank—1 sloshing

mode and (b) structure with liquid tank—3 sloshing modes.

Table 3
El-Centro earthquake excitation, resonance case 1:1 (w1; = wy)
Structural model Maximum response” Reduction  Approximation
(%)° (%)°
X n %11 %o1 %21 X n %11
h/R=1 Structure with tank considering 3 0.0253  0.2083  0.2856  0.0936  0.0231 41 - - -
sloshing modes
my;=0.1M Structure with tank considering 1 0.0256  0.1915 0.329 - - 40.2 1.2 8.1 152

sloshing mode
h/R=0.5 Structure with tank considering 3 0.0254  0.1289  0.1797  0.0495 0.0108  40.7
sloshing modes

my=0.1M Structure with tank considering 1 0.0256  0.1914  0.329 - - 40
sloshing mode

h/R=1 Structure with tank considering 3 0.0324  0.3852  0.4137  0.2507 0.4328 24.3
sloshing modes

my; =0.02M  Structure with tank considering 1 0.0337 0.4458 0.7575 - - 21.3

sloshing mode

h/R=0.5 Structure with tank considering 3 0.031 0.2446  0.3397 0.2237 0.1862 27.6
sloshing modes

my; =0.02M  Structure with tank considering 1 0.0282  0.296 0.5087 — - 34.1
sloshing mode

SDOF system 0.0428 — _ _ _ _

“Results are provided for the nondimensionalized parameters.
®The reduction in the peak response of the structural model is determined with respect to the SDOF system.
“Approximation is determined with respect to the 3 modes sloshing model as the most accurate case.
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Fig. 11. El-Centro earthquake excitation at 1:1 resonance case, i/R = 1, m; = 0.1 M: (a) structural displacement of SDOF system,
(b) structural displacement of structure with liquid tank—3 sloshing modes, and (c) wave amplitude of structure with liquid tank—3
sloshing modes.

be near to the resonance frequency of the system through adjusting the time step intervals of the earthquake
record. Table 3 shows the maximum response of the SDOF system alone and the system containing liquid
tank with 2/R = 1 and m; = 0.1 M ratios. It scems that at the resonance case, 1:1, system efficiency even for
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Table 4

El-Centro earthquake, excitation—resonance case 1:2 (2B, = B;)

Structural model Maximum response® Reduction Approximation

(%)° (%)°
X n %11 %o1 %21 X n %11

h/R=1 Structure with tank considering 3 0.0096  0.1169 0.1771  0.0469 0.0563 10.3 - - -
sloshing modes

mp=0.1M Structure with tank considering 1 0.0094 0.1017 0.1748 — - 12.15 2.1 13 1.3
sloshing mode

h/R=0.5 Structure with tank considering 3 0.01 0.0902  0.1339 0.0446  0.0245 6.6 - - -
sloshing modes

mp=0.1M Structure with tank considering 1 0.0101  0.0795 0.1366 — - 5.6 1 119 2
sloshing mode

h/R=1 Structure with tank considering 3 0.0094 0.1315 0.1774 0.0672 0.0902 12.2 - - -
sloshing modes

my; =0.02M  Structure with tank considering 1 0.0094 0.1683  0.0979 - - 12.2 0 255 5
sloshing mode

h/R=0.5 Structure with tank considering 3 0.0094 0.0889 0.1359 0.0512 0.0369 12.15 - - -
sloshing modes

my; =0.02M  Structure with tank considering 1 0.0095  0.075 0.1289 - - 11.2 .1 156 52

sloshing mode

SDOF system 0.0107 - - - - - — - -

“Results are provided for the nondimensionalized parameters.
®The reduction in the peak response of the structural model is determined with respect to the SDOF system.
€Approximation is determined with respect to the 3 modes sloshing model as the most accurate case.

earthquake excitation input is considerably improved in terms of maximum response reduction. The
decreasing trend of response with respect to time is also acceptable in this case (Fig. 11).

6.4. Earthquake excitation (resonance case 1:2)

Table 4 shows the system’s maximum response to the El-Centro earthquake excitation for the internal
resonance case of B3 = 2B4 (2w~ w,). Also, the response time history of the SDOF system and the system
with tank for #/R =1 and m; = 0.1 M ratios are shown in Fig. 12. As this figure shows, in case of 1:2
resonance a large amount of energy is transferred from structure to liquid under the earthquake excitation.
Also, one could observe the considerable frequency content of the structural response around the sloshing
mode’s frequency of the liquid.

7. Conclusion

The governing differential equations of motion of an elastic SDOF structural system carrying a liquid
cylindrical tank are derived. These equations are numerically solved for the harmonic and earthquake
excitation input at internal resonance cases 1:1 and 1:2. The response of system containing the liquid tank for 3
and 1 sloshing mode cases are compared with those for the case of SDOF system alone. A parametric study is
carried out for different liquid mass m; and /R ratios. According to the obtained results, reducing /R ratio
and increasing m; both will improve the performance of the liquid tanks in reducing the structural response
caused by the external harmonic and earthquake excitations. On the other hand, it was shown that considering
only 1 sloshing mode is not adequate for estimating the lateral structural response and maximum wave height.
In the internal resonance case 1:2, for very large values of m,, the system becomes unstable under external
excitation frequencies near to the modal frequencies of the system. Also, for very small //r ratios, traveling
wave will be generated. Energy transfer from the structure to liquid and the shift in modal frequencies of the
system are considered as the dominant factors in reducing the response of the system. As the Fourier
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Fig. 12. El-Centro earthquake excitation at 1:2 resonance case, i/R =1, my = 0.1 M: (a) structural displacement of SDOF system,
(b) structural displacement of structure with liquid tank—3 sloshing modes, and (c) Fourier amplitude of structural displacement for
structure with liquid tank—3 sloshing modes.
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amplitude of the structural response indicates, even if the liquid is not excited directly, due to nonlinear
interaction between the liquid and the structure, energy transfer from the structure to liquid would take place
causing an increase in liquid’s response while reducing the response of the structural system.
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